Abstract. We show that for a locally compact group G, every completely bounded local derivation from the Fourier algebra A(G) into a symmetric operator A(G)-module or the operator dual of an essential A(G)-bimodule is a derivation. Moreover, for amenable G we show that the result is true for all operator A(G)-bimodules. In particular, we derive a new proof to a result of N. Spronk that A(G) is always operator weakly amenable.
The concept of local derivations was introduced by R. V. Kadison in [10] . An operator D from a Banach algebra A into a Banach A-bimodule X is a local derivation if for each a ∈ A there is a derivation D a from A into X such that D(a) = D a (a). Kadison showed that if A is a von Neumann algebra and X is a dual Banach bimodule, then all bounded local derivations from A into X are derivations. B. E. Johnson in [9] extended Kadison's result and showed that every local derivation from a C * -algebra A into any Banach A-bimodule is a derivation. He showed that it is enough to establish the result for the commutative regular Banach algebra C 0 (R). For C 0 (R), he first studied "local operators" and "local multipliers" from this algebra and then deduced results about local derivations. However, C 0 (R) is very well-behaved; it is a commutative C * -algebra so that it is amenable and all the derivations from it into any Banach C 0 (R)-bimodule (including those D a considered above) are automatically continuous. In this paper, we exploit Johnson's approach and investigate local derivations from another family of commutative regular Banach algebras which do not necessarily have the above properties. To compensate for this, we look more into the "local structure" of these algebras, and we show that most of the bounded local operators and all of the bounded local multipliers from these algebras are multipliers (sections 2 and 3). This provides us with the necessary tools to establish our main results on the bounded local derivations (section 4).
In section 5, we apply the results we have obtained in the previous sections to the Fourier algebra A(G) of a locally compact group G. Since A(G) is the predual of the von Neumann algebra V N(G), it has a natural operator space structure [4] . We show that every completely bounded local derivation from A(G) into the
Preliminaries
We have followed [3] in using some of the basic terminology not defined here. Let A be a commutative regular semisimple Banach algebra with the carrier space Φ. Throughout this paper we always regard A as a function algebra on its carrier space. Let F be a closed subset of Φ. Then F is a set of synthesis for A if there is a unique closed ideal in A whose hull is F . Put . If, in addition, V (A) is semisimple (this happens, for example, when A satisfies the Grothendieck approximation property [18] ), then we can consider the synthesis problem for the closed subsets of Φ × Φ. In particular, the diagonal, that is ∆ = {(ϕ, ϕ) | ϕ ∈ Φ}, is a set of synthesis for V (A) if and only if J 0 ∆ (V (A)) is dense in J ∆ (V (A)). Let π be the multiplication operator from V (A) into A specified by π(a ⊗ b) = ab. Then, with the assumption of the semisimplicity of V (A), it is easy to verify that J ∆ (V (A))= ker π.
Let G be a locally compact group with a fixed left Haar measure. Given a function f on G the left translation of f by x ∈ G is denoted by (l x f )(y) = f (xy). Let P (G) be the set of all continuous positive definite functions on G, and let B(G) be its linear span. The space B(G) can be identified with the dual of the group C * -algebra C * (G), this latter being the completion of L 1 (G) under its largest C * -norm. With pointwise multiplication and the dual norm, B(G) is a commutative regular semisimple Banach algebra. The Fourier algebra A(G) is the closure of
It is shown in [6] that A(G) is a commutative regular semisimple Banach algebra whose carrier space is G. Also, if λ is the left regular representation of G on L 2 (G) then, up to isomorphism, A(G) is the unique predual of V N(G), the von Neumann algebra generated by the representation λ.
Local operators
Let A be a commutative regular semisimple Banach algebra with the carrier space Φ, and let X be a Banach left (right) A-module. For x ∈ X, the annihilator License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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Ann(x) of x is Ann(x) = {a ∈ A | ax = 0 (xa = 0)}. It is clearly a closed ideal in A, and its hull is called the support of x, denoted by supp x. In the case X = A where we regard A as a Banach (left or right) A-module on itself, the support of an element a ∈ A will be the closure of {t ∈ Φ | a(t) = 0}. An operator
The following is a well-known result (see, for example, [13, Proof. We prove the lemma in the case of a left module. The other case can be proved similarly. Let t ∈ supp x, and assume that there is a compact neighborhood V of t such that for every a ∈ A, with supp a ⊆ V , we have ax = 0. By Lemma 2.1, there is b ∈ A such that supp b ⊆ V and b(t) = 0. Thus, for every a ∈ A, supp (ab) ⊆ V and so abx = 0. In particular, if we take a ∈ A such that a = 1 on V , then bx = abx = 0. So b ∈ Ann(x), and since t ∈ supp x, b(t) = 0, which is a contradiction. For the converse, let t ∈ Φ with the given property and a ∈ A such that a(t) = 0. We will show that ax = 0. There is a compact neighborhood V of t and δ > 0 such that |a(v)| ≥ δ > 0 for all v ∈ V . Because of the regularity of A and [15, Theorem 3.6.15], there is b ∈ A such that ab = 1 on V . Let c ∈ A be a function whose support is in V such that cx = 0. Then abcx = cx; therefore, ax = 0.
Definition 2.3. A commutative regular semisimple Banach algebra A is called a
Tauberian algebra if the elements with compact support are dense in A (see [15] ). We denote the set of all such elements by A c .
We recall that a Banach left [right] A-module X is essential if it is the closure of AX
, and a Banach A-bimodule X is essential if it is essential both as a Banach left and right A-module. If A is a Tauberian algebra then, by Lemma 2.1, it is easy to see that Proof. We prove the theorem in the case of a right module. The other case can be proved similarly. First consider the case X = A, where we are considering A as a right module on itself, and let T : A −→ A * be a bounded local operator. Definẽ But J is a closed two-sided ideal whose hull is the diagonal. So by the hypothesis,
So T is a multiplier. Now we consider the general case. Let X be a Banach right A-module and x ∈ X. Define:
It is easy to see that K x is a bounded left A-module homomorphism. So K x • T is a bounded local operator from A into A * and so it is a (right) multiplier. Therefore,
The final result follows by the essentiality of X.
Local multipliers
Let A be a commutative regular semisimple Banach algebra, and let X be a Banach left A-module. An operator T : A −→ X is a right multiplier if for each a, b ∈ A, T (ab) = aT (b). A local right multiplier is an operator T : A −→ X such that for each a ∈ A there is a right multiplier T a : A −→ X with T (a) = T a (a). Similarly, we can define (local) left multipliers for Banach right A-modules. In any case, we have Ann(a) ⊆ Ann(T a (a)) = Ann(T (a)); so supp T (a) ⊆ supp a. Thus, a local multiplier is a local operator.
Theorem 3.1. Let A be a Tauberian algebra such that V (A) is semisimple. Suppose that the diagonal is a set of synthesis for V (A), and let X be a Banach (right or left) A-module. Then every bounded local multiplier T from A into X is a multiplier.
Proof. We prove this for the local right multipliers. The other case can be proved similarly. Since every bounded local multiplier is a bounded local operator, a similar argument to what we have made in the proof of Theorem 2.4 (by replacing X with X * * ) shows that
Take a ∈ A c and c ∈ A such that c = 1 on supp a. So ca = a. Since T is a local multiplier, there is a right multiplier M from A into X such that T (ab) = M (ab). Hence,
The final result follows by the density of A c in A. D(a) = D a (a) .
Local derivations
We recall that a Banach A-bimodule X is called a symmetric Banach A-module if for all a ∈ A and x ∈ X, ax = xa. We say that A is weakly amenable if every bounded derivation from A into A * is zero, or equivalently, every bounded derivation from A into any symmetric Banach A-module is zero [3, Theorem 2.8.63]. 
The other two statements can be proved similarly.
Theorem 4.3. Let A be a Tauberian algebra such that V (A) is semisimple. Suppose that the diagonal is a set of synthesis for V (A), and let X be an essential Banach A-bimodule. Then every bounded local derivation D from A into X * is a derivation. Moreover, if A has a bounded approximate identity, then the statement of the theorem is true for all Banach A-bimodules.

Proof. Consider first the case X = V (A). Let D : A −→ V (A)
* be a bounded local derivation, I 1 and I 2 be disjoint compact subsets of Φ and
⊥ be the natural quotient map. PutD = q • D. Since q is a bounded A-module homomorphism,D is a bounded local derivation. Now, let b 1 ∈ K(I 1 ) and define
SinceD is a local derivation, for each a ∈ A, there is a derivation S : I 2 ) ⊥ such thatD(ab 1 ) = S(ab 1 ). So, by Lemma 4.2(i), we have
Thus, T 1 is a bounded local right multiplier, and so it is a right multiplier, by Theorem 3.1. Hence for all a, c ∈ A,
Similarly, we can show that for all a, c ∈ A and b 2 ∈ K(I 2 ), 
D(a) = δD(a, b) (a ∈ A).
We claim that D is a local operator. Let a ∈ A and t / ∈ supp a. So there is a compact neighborhood V of t such that supp a ∩ V = ∅. Take c ∈ A with supp c ⊆ V . By Lemma 2.1, there is e ∈ A such that e = 1 on V and e = 0 on supp a. Then, since V (A)/ ker π is symmetric and ca = 0, Hence, for all a, b, c ∈ A, δD(ac, b) = aδD(c, b) . So
Now, take a, b ∈ A c and c ∈ A such that c = 1 on supp a ∪ supp b. Then from (4.6),
However, D is a local derivation; so, there is a derivation
Hence, from (4.7), δD(a, b) = 0 for all a, b ∈ A c . Therefore, by the density, δD = 0 and so D is a derivation. We now consider the general case. Let x ∈ X, and define
It is easy to check that L x is a bounded A-bimodule homomorphism, and hence
Thus L x (δD(c, e)) = 0 for all c, e ∈ A and x ∈ X. So δD(c, e), axb = 0 for all a, b ∈ A and x ∈ X. Thus, by the essentiality of X, δD = 0, showing that D is a derivation.
Finally, suppose that A has a bounded approximate identity, X is a Banach Abimodule and D : A −→ X is a bounded local derivation. By a similar argument to the one made above (by replacing X with X * * ), we can show that for all a, b, c, d ∈ A,
Put Y = XA. By Cohen's factorization theorem [1, Theorem 11.10] , Y is a closed submodule of X. Let q be the natural quotient map from X onto X/Y . Let {e α } α∈Λ be a bounded approximate identity for A.
It is easy to see that T α is a bounded local right multiplier; so it is a right multiplier by Theorem 3. 
Then φ is completely bounded (resp. completely contractive, completely isometric) if φ cb < ∞ (resp. φ cb ≤ 1, each φ n is an isometry). We let CB(V, W ) denote the space of all completely bounded maps from V into W . It is shown in [4] that there is a natural operator space structure on CB(V, W ) obtained by identifying
is again an operator space and is called the operator dual of V . If we let V⊗W be the operator projective tensor product of V and W (see [4, Chapter 7] ), then there is a complete isometry CB(V, W * ) ∼ = (V⊗W ) * given by [7] . By [7, Proposition 3.2] , for A commutative, this is equivalent to saying that every completely bounded derivation from A into any symmetric operator A-module is zero. The following lemma is well known and easy to check; so we omit the proof.
Lemma 5.1. Let A be a completely contractive Banach algebra, let X be an operator A-bimodule, and let x ∈ X. Then, the operators K x and L x defined by
are completely bounded.
Let G be a locally compact group. Then, the von Neumann algebra V N(G) ⊂ B(L 2 (G)) is an operator space. Thus A(G), regarded as the operator predual of V N(G), has a natural operator space structure that makes it a completely contractive Banach algebra [4, Chapter 16 ].
Theorem 5.2. Suppose that G is a locally compact group. Then (i) Every completely bounded local derivation from A(G) into any symmetric operator A(G)-module is zero. In particular, A(G) is operator weakly amenable. (ii) Every completely bounded local derivation from A(G) into the operator dual of an essential A(G)-bimodule is a derivation. (iii) If G is amenable, then the statement in (ii) is true for all operator A(G)-bimodules.
Proof. By replacing "Banach algebra" with "completely contractive Banach algebra", "bounded" with "completely bounded", "projective tensor product" with "operator projective tensor product", "Banach module" with "operator module" and "weakly amenable" with "operator weakly amenable", we see that the quantized versions of Theorems 2. We note that in (iii) we are using the fact that if G is amenable, then A(G) has a bounded approximate identity [12] .
Forrest and Wood have shown in [7, Theorem 4.5] that if G is a locally compact group such that it has an abelian subgroup of finite index, then every bounded linear mapping from A(G) into any operator space is completely bounded. So (by some modification) Corollary 4.5 follows from Theorem 5.2.
